Abstract. We introduce a canonical spanning surface obtained from a knot or link diagram depending on a given state, and give a necessary and sufficient condition for a spanning surface to be essential under a fixed state.
Introduction
Let K be a knot or link in the 3-sphere S 3 and D a connected diagram of K on the 2-sphere S 2 . The 2-sphere S 2 separates S 3 into two 3-balls, say B + , B − . Let C = {c 1 , . . . , c n } be the set of crossings of D. A map σ : C → {+, −} is called a state for D. For each crossing c i ∈ C, we take a +-smoothing or −-smoothing according to σ(c i ) = + or −. See Figure 1 . Then, we have a collection of loops l 1 , . . . , l m on S 2 and call those state loops. Let L σ = {l 1 , . . . , l m } be the set of state loops.
crossing +-smoothing -smoothing − Figure 1 . Two smoothings of a crossing Each state loop l i bounds a unique disk d i in B − , and we may assume that these disks are mutually disjoint. For each crossing c j and state loops l i , l k whose subarcs replaced c j by σ(c j )-smoothing, we attach a half twisted band b j to d i , d k so that it recovers c j . See Figure 2 for σ(c j ) = +.
Then, we obtain a spanning surface which consists of disks d 1 , . . . , d m and half twisted bands b 1 , . . . , b n and call this a σ-state surface F σ . We may assume that F σ intersects N (K) in its collar N (∂F σ ; F σ ), and overuse the symbol F σ instead of
We take a (twisted) I-bundle F σ× I over F σ in E(K), and call the associated ∂I-bundle over F σ the interpolating surface obtained from F σ and denote it by F σ . Note that any interpolating surface F σ is orientable, and it is connected if and only if F σ is non-orientable.
We say that a diagram D is σ-adequate if any half twisted band b j connects different state loops. In the case that σ(c j ) = + for all c j , we substitute "+" for Recovering a crossing by a half twisted band the symbol σ and in the case that σ(c j ) = − for all c j , we substitute "−". We say that a diagram D is adequate if it is +-adequate and −-adequate. We recall that an alternating diagram without nugatory crossings is adequate since the +-state surface coincides with a checkerboard surface. We note that a positive diagram without nugatory crossings is +-adequate since the +-state surface coincides with a canonical Seifert surface. We review a definition of essential surfaces. Let M be an orientable compact 3-manifold, F a compact surface properly embedded in M , possibly with boundary, except for a 2-sphere, and i denote the inclusion map F ⊂ M . We say that F is π 1 -injective if the induced map We remark that a σ-state surface F σ is π 1 -essential in E(K) if and only if the interpolating surface F σ obtained from F σ is essential in E(K).
Preliminary
The next lemma holds even if K is a link and E(K) − F is irreducible.
Let Proof. We note that by Claim 9 in [3] , F σ , F We construct a graph G on δ as follows. We assign a vertex to each subdisk δ l , and connect two vertices by an edge if the two corresponding subdisks are closed. Since by Claim 2.3, both arrows at the boundary of an outermost arc are turn out from the corresponding outermost disk, we assign an orientation to the corresponding outermost edge naturally. See Figure 5 .
Next, we pay attention a second outermost disk, that is, the vertices adjacent to the corresponding vertex consist of degree one vertices except for at most one vertex.
Claim 2.4. For a second outermost disk δ l , there exists exactly one arc α k in ∂δ l such that both arrows at a ± k turn out from δ l . Proof. Without loss of generality, we may assume that δ l ⊂ B i +. Note by Claim 2.3 that for outermost arcs incident to δ l , the corresponding edges have orientations toward into δ l .
First, suppose that both arrows at a ± k turn into δ l . Then, by extending δ l with disks in B − i , we obtain a compressing disk for F + σ . Next, suppose that one arrows at a ± k turns into δ l and another turns out from δ l . Then, by extending δ l with disks in B − i , we obtain a ∂-compressing disk for F + σ . In either cases, we have a contradiction.
Since by Claim 2.4, both arrows at the boundary of a non-outermost arc α k are turn out from the corresponding second outermost disk, we assign an orientation to the corresponding edge naturally. Furthermore, we proceed with the third outermost subdisks, that is, it becomes an outermost disk after removing outermost disks and second outermost disks, and argue away by the method similar to Claim 2.3 and 2.4. By an induction on the distance to outermost vertices, it follows that any edge has a natural orientation. However, this is impossible since the graph G is tree.
A diagram D is prime if for any loop l on S 2 intersecting D in two points except for crossings, there exists a disk d on S 2 bounded by l such that d ∩ D consists of an arc without crossings. Suppose that a diagram D is not prime and let l be a decomposing loop on S 2 . We may assume that l intersects only one state loop l i . Then, the diagram D is decomposed into two diagrams D 1 and D 2 by l, and F σ is also decomposed into two state surfaces F (F σ× I) ). Now suppose that F σ is compressible, and let δ be a compressing disk having a minimal intersection with ∆ l . Let δ ′ be an outermost disk on δ, and ∆ ′ be a disk on ∆ l bounded by an arc δ ′ ∩ ∆ l and a subarc of ∂∆ l . Then, the disk δ ′ ∪ ∆ ′ gives a ∂-compressing disk for
σ is compressible or an incompressible and ∂-compressible annulus by Lemma 2.1.
Proof
Proof. (⇐) Suppose that a diagram D is not +-adequate. Then, there exists a half twisted band b j connecting a single state loop l i , and the state surface F + has a half twisted Möbius band b j ∪ (subdisk of d i ) as a plumbed sum. This shows that
(⇒) Suppose that F + is incompressible and ∂-compressible in E(K). By Lemma 2.1, F + is ∂-parallel annulus in E(K). If we make a graph G by regarding disks d i as vertices and half twisted bands b j as edges, then G has only one cycle. A degree one vertex of G corresponds to a nugatory crossing, and we perform Reidemeister move I's as much as possible to reduce degree one vertices. This has no influence on the adequateness of D. Then, G becomes a cycle and D becomes a standard diagram of (2, n)-torus knot or link. Since F + is an incompressible and ∂-compressible annulus, we have n = −1. Hence, D is not +-adequate.
Next, suppose that F + is compressible (and ∂-incompressible [3] , one of the following holds.
(1) D is not reduced, (2) D is not prime, (3) F + is an incompressible and ∂-compressible annulus.
In Case 2, if D has no crossing, then F + is a disk and F + is incompressible, a contradiction. Otherwise, by Lemma 2.2, F 1 + or F 2 + is compressible or an incompressible and ∂-compressible annulus. In the former subcase, we proceed to the compressible one. In the latter subcase, we have already finished in the first paragraph.
In Case 3, we have already finished in the first paragraph. Finally, in Case 1, if D is not prime, then we go to Case 2. Otherwise, D has only one crossing, and F + consists of a disk d 1 and a half twisted band b 1 since F + is compressible or an incompressible and ∂-compressible annulus. Hence, D is not +-adequate.
